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Quantum systems exhibit recurrence phenomena after equilibration, but it is a difficult task to
evaluate the recurrence time of a quantum system because it drastically increases as the system size
increases (usually double-exponential in the number of particles) and strongly depends on the initial
state. Here, we analytically derive the recurrence times of the Lieb-Liniger model with relatively
small particle numbers for the weak and strong coupling regimes. It turns out that these recurrence
times are independent of the initial state and increases only polynomially in the system size.
I. INTRODUCTION
It is of fundamental interest to study isolated quantum
systems in the view of foundations of quantum statisti-
cal mechanics, i.e., equilibration and thermalization [1–
3], typicality [4–7], and ergodic theorems [8]. It has been
experimentally established that an isolated quantum sys-
tem can equilibrate with respect to local (or few-body)
observables, although the quantum state remains pure
even after equilibration. After equilibration, the system
stays in a stationary state for a long time, but according
to the quantum recurrence theorem [9–11], which is the
quantum counterpart of Poincare´’s recurrence theorem in
classical dynamics [12], the system returns to a state ar-
bitrarily close to the initial state after a sufficiently long
time T in the sense that F(t) = |〈Ψ(0)|Ψ(t)〉|2 ≈ 1 at
t = T , where |Ψ(t)〉 is the quantum state at time t and
the fidelity F(t) is the overlap between the time-evolved
state and the initial state. In usual macroscopic quan-
tum systems, however, the recurrence time T is too long
to be observed; it behaves as eO(W ), where W is the ef-
fective number of energy eigenstates contributing to the
initial state. Typically, W is exponential in the number
of particles N , and hence T is double exponential in N .
Small quantum systems offer the possibility of inves-
tigating full relaxation dynamics of isolated quantum
systems, including the recurrence. It has been recog-
nized that a relatively small quantum system such as
the one with N ∼ 10 atoms can equilibrate because
of a huge dimensionality of the Hilbert space. More-
over, such small systems may exhibit recurrence long af-
ter equilibration but within an experimentally accessible
timescale. Indeed, recurrence behavior has been observed
in the Jaynes-Cummings system [13], in ultracold atoms
in an optical lattice [14, 15] as well as a large system
with thousands of atoms in one-dimensional box-shaped
potential by focusing on specific observables that are re-
lated to the low-energy collective motion [16]. It should
be noted that recurrence after equilibration (or “collapse
and revival”) in a small system is a purely quantum phe-
nomenon which has no classical counterpart (see Ref. [3]).
Since compatibility of equilibration and recurrence is a
heart of the emergence of irreversibility from reversible
microscopic dynamics, the long-term dynamics of small
isolated quantum systems is of fundamental interest.
Theoretically, in Ref. [17], it has been numerically re-
ported that the Lieb-Liniger model [18], which is a repre-
sentative model of a one-dimensional Bose gas, exhibits
recurrence phenomena within an experimentally accessi-
ble timescale; the recurrence time increases only polyno-
mially with N . However, numerical results in Ref. [17]
have been obtained only for a special initial state (a uni-
form superposition of yrast states), and it has been un-
clear whether those polynomial dependences of the recur-
rence time are generic features of the Lieb-Liniger model.
In this paper, we evaluate the recurrence time in the
weak and the strong coupling regimes. It is shown that
the recurrence time is polynomial in the system size in
both regimes. Our finding implies that no fine tuning of
the initial state is necessary to see recurrence phenom-
ena in a small one-dimensional Bose gas. The remaining
part of the paper is organized as follows. In Sec. II, we
introduce the model and explain the definition of the re-
currence. In Sec. III, we show that the recurrence time is
proportional to L/c, see eq. (46), for generic initial states
in the weak-coupling regime. In Sec. IV, we show that
the recurrence time is roughly proportional to L3c, see
eq. (58), for generic initial states in the strong-coupling
regime. These results are general, but T may be further
shortened by an accident for some special initial states.
Such an accidental example is provided in Sec. VI.
II. RECURRENCE TIME IN THE
LIEB-LINIGER MODEL
The Lieb-Liniger (LL) model is a prototypical inte-
grable model of the one-dimensional Bose gas. Because
of its integrability and experimental relevance, the re-
laxation dynamics of the Lieb-Liniger model has been
actively studied [17, 19–26]. The Hamiltonian of the LL
model is given by
H = −
N∑
i=1
∂2
∂q2i
+ 2c
∑
i<j
δ(qi − qj), (1)
2where qi is the coordinate of ith particle that satisfies
0 ≤ qi ≤ L. We consider the repulsive interactions c > 0
and assume the periodic boundary condition. Energy
eigenstates are characterized by a set of Bethe quantum
numbers IN ≡ {I1, I2, . . . , IN} with I1 < I2 < · · · < IN .
When the number of particles is odd, Ij is integer, and
otherwise Ij is half-odd integer. When the set of Bethe
quantum numbers is fixed, the set of Bethe momenta
k
N ≡ {k1, k2, . . . , kN} is determined by solving the Bethe
ansatz equation:
kj =
2pi
L
Ij − 2
L
N∑
l( 6=j)
arctan
(
kj − kl
c
)
. (2)
The total momentum P and the total energy E are then
given by
P (kN ) =
N∑
j=1
kj , E(k
N ) =
N∑
j=1
k2j , (3)
respectively. Corresponding to I1 < I2 < · · · < IN ,
k1 < k2 < · · · < kN holds. When the initial state is
expanded as
|Ψ(0)〉 =
∑
kN
CkN |kN 〉, (4)
the state at time t is given by
|Ψ(t)〉 =
∑
kN
CkN e
−iE(kN )t|kN 〉. (5)
In this paper, the recurrence time T is defined by the
shortest time at which the fidelity
F(t) = |〈ψ(0)|ψ(t)〉|2 =
∣∣∣∣∣
∑
kN
|CkN |2e−iE(k
N )t
∣∣∣∣∣
2
(6)
exceeds some threshold after the first decay of F(t). Here
we set the threshold as 0.9, so we say that the recurrence
occurs at t = T when
F(T ) ≥ 0.9. (7)
At the recurrence time T , all the phases E(kN )T are
almost identical modulo 2pi, that is, E(kN )T ≃ θ +
2pim(kN ) with θ ∈ [0, 2pi) and {m(kN)} integers.
III. WEAK-COUPLING REGIME
A. Weak-coupling expansion
The recurrence time is determined by the structure of
the spectrum {E(kN)} and the type of the initial state.
Therefore, we should investigate the Bethe ansatz equa-
tion in order to evaluate the recurrence time.
First, we consider the weak-coupling regime, c≪ 1. In
that case,
arctan
(
kj − kl
c
)
≃ pi
2
sgn(kj − kl)− c
kj − kl . (8)
Since kj < kl if and only if j < l, sgn(kj−kl) = sgn(j−l).
The Bethe ansatz equation becomes
kj =
2pi
L
Ij − pi
L
N∑
l( 6=j)
sgn(j − l) + 2c
L
∑
l( 6=j)
1
kj − kl . (9)
Here,
N∑
l( 6=j)
sgn(j−l) =
j−1∑
l=1
(+1)+
N∑
l=j+1
(−1) = 2j−1−N, (10)
so we obtain
kj =
2pi
L
[
Ij −
(
j − N + 1
2
)]
+
2c
L
∑
l( 6=j)
1
kj − kl . (11)
It is noted that IGj = j − (N + 1)/2 is the Bethe quan-
tum number corresponding to the ground state. Thus we
obtain the Bethe ansatz equation for the weak-coupling
regime:
kj =
2pi
L
(Ij − IGj ) +
2c
L
∑
l( 6=j)
1
kj − kl . (12)
In order to solve the above equation, we expand the
Bethe momentum kj as
kj = k
(0)
j + c
1/2k
(1/2)
j + ck
(1)
j + o(c). (13)
The term proportional to c1/2 is necessary to satisfy
eq. (12) [27]. By substituting eq. (13) to eq. (12), we
obtain
k
(0)
j =
2pi
L
(Ij − IGj ), (14)
k
(1/2)
j =
2
L
∑
l( 6=j)
(k
(0)
l
=k
(0)
j
)
1
k
(1/2)
j − k(1/2)l
, (15)
k
(1)
j =
2
L
∑
l
(k
(0)
l
6=k
(0)
j
)
1
k
(0)
j − k(0)l
. (16)
k
(0)
l = k
(0)
j implies there is no hole between Il and Ij ,
while kl 6= kj implies there is at least one hole between Il
and Ij . Let us divide the set of Bethe quantum numbers
into some groups by the following rule:
Ij+1 = Ij+1 ⇐⇒ j and j + 1 belong to the same group.
In other words,
k
(0)
j = k
(0)
l ⇐⇒ j and l belong to the same group, and
k
(0)
j 6= k(0)l ⇐⇒ j and l belong to different groups.
3Each group is denoted by Ga and the number of elements
of Ga is denoted by na. If i and j belong to the same
group, we write i ∼ j, and if i and j belong to the differ-
ent groups, we write i ≁ j. The Bethe momentum of the
group Ga is denoted by k(0)(a). Note that k(0)i = k(0)(a)
if and only if i ∈ Ga.
B. Properties of k
(1/2)
j and k
(1)
j
Equation (15) cannot be solved, but some useful for-
mulas can be derived. Due to the antisymmetry, we have∑
j∈Ga
k
(1/2)
j = 0. (17)
Moreover, we can prove the convenient relation
∑
j∈Ga
(
k
(1/2)
j
)2
=
na(na − 1)
L
. (18)
Equation (18) is proven in the following way. The Bethe
momentum corrections {k(1/2)j } in the same group Ga sat-
isfy eq. (15), which is written in the form
xj =
M∑
l( 6=j)
1
xj − xl (19)
for j = 1, 2, . . . ,M . Here, x corresponds to k
√
L/2 and
M corresponds to na. Assuming j 6= M , we decompose
the summation over l into l ≤M − 1 and l =M ,
xj =
M−1∑
l( 6=j)
1
xj − xl +
1
xj − xM . (20)
From this equation we obtain
x2j − xjxM − 1 =
M−1∑
l( 6=j)
1
xj − xl . (21)
By taking the summation over j ≤M − 1, we have
M−1∑
j=1
x2j − xM
M−1∑
j=1
xj − (M − 1)
=
M−1∑
j 6=l
xj
xj − xl − xM
M−1∑
j 6=l
1
xj − xl . (22)
Equation (17) implies
∑M
j=1 xj = 0 and therefore∑M−1
j=1 xj = −xM . In addition, the last term of the right-
hand-side of eq. (22) is zero due to anti-symmetry. Thus
we obtain
M∑
j=1
x2j =M − 1 +
M−1∑
j 6=l
xj
xj − xl . (23)
By putting X =
∑M−1
j 6=l xj/(xj − xl),
X =
M−1∑
j 6=l
(
1 +
xl
xj − xl
)
= (M − 1)(M − 2)−X. (24)
Thus X = (M − 1)(M − 2)/2. By substituting it into
eq. (23), we obtain
M∑
j=1
x2j =
M(M − 1)
2
, (25)
which is equivalent to eq. (18).
From eq. (16),
k
(1)
j =
2
L
∑
l(≁j)
1
k
(0)
j − k(0)l
=
2
L
∑
b
(j /∈Gb)
nb
k
(0)
j − k(0)(b)
. (26)
From this expression, we have
∑
j∈Ga
k
(1)
j =
2
L
∑
b( 6=a)
nanb
k(0)(a)− k(0)(b) . (27)
C. Approximate energy spectrum
The energy in the weak-coupling regime is given by
E(kN ) =
N∑
j=1
k2j
≃
N∑
j=1
[
k
(0)
j + c
1/2k
(1/2)
j + ck
(1)
j
]2
=
∑
a
∑
j∈Ga
[
k(0)(a) + c1/2k
(1/2)
j + ck
(1)
j
]2
=
∑
a

nak(0)(a)2 + 2c1/2k(0)(a)
∑
j∈Ga
k
(1/2)
j
+c
∑
j∈Ga
(
k
(1/2)
j
)2
+ 2ck(0)(a)
∑
j∈Ga
k
(1)
j

+O(c2).
(28)
By using eqs. (17), (18), and (27), we obtain
E(kN ) =
∑
a
nak
(0)(a)2 +
c
L
∑
a
na(na − 1)
+
4c
L
∑
a 6=b
nanb
k(0)(a)
k(0)(a)− k(0)(b) +O(c
2). (29)
4Putting
A =
∑
a 6=b
nanb
k(0)(a)
k(0)(a)− k(0)(b) , (30)
we have
A =
∑
a 6=b
nanb +
∑
a 6=b
nanb
k(0)(b)
k(0)(a)− k(0)(b)
=
∑
a
na
∑
b
nb −
∑
a
n2a −A
= N2 −
∑
a
n2a −A. (31)
Solving this equation, we obtain
A =
1
2
(
N2 −
∑
a
n2a
)
, (32)
which is integer or half-integer. Thus we obtain the ap-
proximate energy spectrum for the weak-coupling regime,
E(kN ) = E(0)w (k
N) + Vw(k
N ) + E′w(k
N ). (33)
The first term E
(0)
w (kN ) =
∑
a nak
(0)(a)2 is the energy
without interactions. The second term
Vw(k
N ) =
c
L
[
N(2N − 1)−
∑
a
n2a
]
(34)
represents the weak-coupling correction. The last term
E′w(k
N ) = O(c2) is the higher-order contribution, which
we assume to be negligible. It is noted that the weak-
coupling correction (34) is an integer multiple of c/L.
This characteristic of the energy spectrum makes the re-
currence time drastically short compared to that in a
generic quantum system.
D. Evaluation of the recurrence time
The recurrence occurs at time T if E(kN )T ≃
E
(0)
w (kN )T + Vw(k
N )T are almost identical modulo 2pi
for all kN with CkN 6= 0. Since the timescales of E(0)w
and V are separated for small c, as long as no special rea-
son is present (but see sec. VI), each of E
(0)
w (kN )T and
Vw(k
N )T would be independent of kN (mod 2pi), that is,
E(0)w (k
N )T ≈ θ + 2pim(kN ) (35)
Vw(k
N )T ≈ θ′ + 2pim′(kN ), (36)
with integers m(kN) and m′(kN ).
Equation (35) implies
T
∑
a
nak
(0)(a)2 ≈ θ + 2pim(kN). (37)
Because
∑
a nak
(0)(a)2 = (2pi/L)2 × (integer), we have
T ≃ L
2
2pi
× (integer) ≡ T (0)w × (integer), (38)
where T
(0)
w = L2/2pi is the recurrence time in the ideal
Bose gas in one dimension [17].
Next, T must also satisfy eq. (36), that is,
T
c
L
∑
a
n2a ≃ θ′ + 2pim′(kN ). (39)
Here, we notice that
N2 −
∑
a
n2a = 2
∑
a<b
nanb (40)
is even. It implies that the shortest time at which eq. (36)
is fulfilled is given by
T ≃ piL
c
≡ Tw. (41)
Since the initial state is a superposition of several eigen-
states as eq. (4), the perturbation energy Vw(k
N ) has
some fluctuations. If this uncertainty of the perturba-
tion energy is denoted by
∆Vw =
(〈V 2w〉Ψ − 〈Vw〉2Ψ)1/2 , (42)
where 〈F 〉Ψ =
∑
kN
|CkN |2F (kN ) is the average in the
initial state, eq. (36) approximately holds during the du-
ration time ∆T ∼ 2pi/∆Vw around t = Tw. When ∆T is
greater than T
(0)
w , i.e.,
1
2pi
T (0)w ∆Vw =
L2
(2pi)2
∆Vw . 1 (43)
is satisfied, equations (38) and (41) can simultaneously
hold, and hence the recurrence occurs at t = Tw = piL/c.
Up to here, we have neglected higher-order contribu-
tion E′w(k
N ) in eq. (33). Another condition of the re-
currence at Tw is that this higher-order contribution is
actually negligible up to t = Tw. The phase factor at
time t = Tw due to the higher-order contribution is given
by E′w(k
N )Tw, which should be almost independent of
k
N . That is,
Tw∆E
′
w . 1 (44)
should be satisfied, where ∆E′w is the quantum fluctua-
tion of E′w(k
N ):
∆E′w =
(〈(E′w)2〉Ψ − 〈E′w〉2Ψ)1/2 . (45)
In summary, when the conditions (43) and (44) are
fulfilled, we expect that the recurrence time T is given
by
T ≃ Tw = piL
c
. (46)
5The conditions (43) and (44) restrict the system size.
When the system size is too large, these conditions are
not satisfied and the recurrence would not happen. The
critical value of the system size below which the recur-
rence occurs depends on the initial state and is not uni-
versal since ∆Vw and ∆E
′
w depend on the initial state.
On the other hand, apart from these conditions, we have
made no assumption on the initial state. In the weak-
coupling regime, the recurrence occurs around at Tw
given by eq. (46) for any initial state.
IV. STRONG-COUPLING REGIME
Let us consider the strong-coupling regime. When
1/c≪ 1,
arctan
(
kj − kl
c
)
≈ 1
c
(kj − kl). (47)
The Bethe ansatz equation reads
kj ≃ 2pi
L
Ij − 2
L
∑
l( 6=j)
kj − kl
c
. (48)
This equation is solved as
kj =
1
1 + 2ρc
2pi
L
(
Ij +
2
Lc
I
(1)
tot
)
, (49)
where ρ = N/L is the number density and we use the
following notation:
I
(1)
tot =
N∑
j=1
Ij , I
(2)
tot =
N∑
j=1
I2j . (50)
the energy spectrum is given by
E(kN ) =
N∑
j=1
k2j
= E(0)s (k
N ) + Vs(k
N ) + E′s(k
N ), (51)
where
E(0)s =
(
2pi
L
)2
I
(2)
tot (52)
is the energy without interactions,
Vs = −16pi
2
L3c
(
1− ρ
3c
)[
NI
(2)
tot −
(
I
(1)
tot
)2]
(53)
is the correction term up to 1/c2, and E′s(k
N ) = O(1/c3)
is the higher-order contribution, which is assumed to be
negligible.
The recurrence time in the strong-coupling regime is
evaluated by imposing the conditions
E(0)s (k
N )T ≃ θ + 2pim(kN), (54)
Vs(k
N )T ≃ θ′ + 2pim′(kN ) (55)
with some integers m(kN ) and m′(kN ) if there is no spe-
cial reason.
Equation (54) implies
T = T (0)s :=


L2
2pi
× (integer) for odd N,
L2
4pi
× (integer) for even N,
(56)
which is the recurrence time in the Tonks-Girardeau gas
(c = +∞) [28]. The reason why the recurrence time for
even N is half of that for odd N is the following. For
even N , Ij = (2nj + 1)/2 with integer nj , and in that
case
I
(2)
tot =
N∑
j=1
nj(nj + 1) + const. (57)
The first term is always even, which halves the recurrence
time.
The recurrence time T must also satisfy eq. (55). Since
NI
(2)
tot − (I(1)tot )2 is always integer,
T ≃ L
3c
8pi
(
1− ρ3c
) =: T (even)s (58)
satisfies eq. (55). When N is odd, I
(2)
tot =
∑N
j=1 Ij(Ij −
1) + I
(1)
tot and each Ij is an integer, which implies that
I
(2)
tot is even (odd) when I
(1)
tot is even (odd), respectively.
Therefore, NI
(2)
tot − I(1)2tot is always even, which halves the
recurrence time for odd N :
T ≃ L
3c
16pi
(
1− ρ3c
) =: T (odd)s . (59)
We define Ts as
Ts :=
{
T
(even)
s when N is even,
T
(odd)
s when N is odd.
(60)
In order that the recurrence actually occurs at t ≃ Ts,
the duration time of the recurrence ∆T must be greater
than T
(0)
s . Since the duration of the recurrence is roughly
given by ∆T ∼ 2pi/∆Vs, where ∆Vs = (〈V 2s 〉Ψ−〈Vs〉2Ψ)1/2
is the fluctuation of the interaction energy, it implies
1
2pi
T (0)s ∆Vs . 1. (61)
The condition that the contribution from higher-order
terms E′s(k
N) is actually negligible up to the time t = Ts
is given by
Ts∆E
′
s . 1, (62)
where ∆E′s = (〈(E′s)2〉 − 〈Es〉2)1/2 is the fluctuation of
the higher-order contribution to the energy.
Again, the conditions (61) and (62) restrict the system
size at which the recurrence is observed. Apart from
these restrictions, we do not assume the specific initial
state to derive Eq. (58), and thus the recurrence occurs at
t = Ts for an arbitrary initial state in the strong coupling
regime.
6V. NUMERICAL DEMONSTRATION OF
RECURRENCE PHENOMENA
We numerically demonstrate the recurrence in the
weak and the strong coupling regimes. We construct the
initial state as
|Ψ(0)〉 =
∑
kN
′
CkN |kN 〉, (63)
where the prime implies that the summation is restricted
to the Bethe eigenstates whose Bethe quantum numbers
{Ij} satisfy
IG1 − 2 ≤ I1 < I2 < · · · < IN ≤ IGN + 2. (64)
Expansion coefficients in eq. (4) are chosen as
CkN =
e−βE(k
N )/2
√
Z
(65)
with Z =
∑′
kN
e−βE(k
N ). By controlling the value of β,
we can prepare several initial states for fixed L, N , and
c. Without loss of generality, we put L = N .
First, we show numerical results for the weak-coupling
regime. We set c = 0.005 and β = 0.5. We calcu-
late the time evolution of the fidelity for several system
sizes. Figure 1 shows numerical results for (a) L = 8, (b)
L = 11, and (c) L = 14. We find that the recurrence
actually occurs at the recurrence time predicted theoret-
ically in eq. (46), which is expressed by red dashed lines
in Fig. 1. As for the conditions (43) and (44), the values
of T
(0)
w ∆Vw and Tw∆E
′
w are summarized in Table I. We
see that T
(0)
w ∆Vw is very small up to L = 14 and the
condition (43) is satisfied, but Tw∆E
′
w becomes large as
the system size increases. As is seen in Fig. 1, the peak
height of the fidelity near the predicted recurrence time
decreases as the system size increases. This is because the
value of Tw∆E
′
w exceeds unity and the condition (44) is
not satisfied for large system sizes.
Next, we show numerical results for the strong-
coupling regime. We set c = 100 and β = 0.2. Figure 2
shows numerical results of the time evolution of the fi-
delity for (a) L = 10, (b) L = 14, (c) L = 20, (d) L = 11,
(e) L = 15, and (f) L = 21. It is noted that the recur-
rence actually occurs at the recurrence time predicted in
eq. (58), which is expressed by red dashed lines in Fig. 2.
The values of T
(0)
s ∆Vs and Ts∆E
′
s are shown in Table II.
We find that the peak height of the fidelity decreases as
the system size increases. This is because both T
(0)
s ∆Vs
and Ts∆E
′
s increase as the system size increases.
VI. RECURRENCE TIME FOR AN INITIAL
STATE OF A SUPERPOSITION OF YRAST
STATES
The recurrence times Tw and Ts in Eqs. (46) and
(58), respectively, are valid for generic initial states, but
L 10 14 20
T
(0)
w ∆Vw 0.0121 0.0267 0.0490
Tw∆E
′
w 0.221 0.690 1.62
TABLE I. The values of T
(0)
w ∆Vw and Tw∆E
′
w for each system
size in the weak-coupling regime, c = 0.005 and β = 0.5.
L 10 14 20 11 15 21
T
(0)
s ∆Vs 0.413 0.793 1.55 0.998 1.81 3.39
Ts∆E
′
s 0.871 1.90 4.21 0.546 1.11 2.35
TABLE II. The values of T
(0)
s ∆Vs and Ts∆E
′
s for each system
size in the strong-coupling regime, c = 100 and β = 0.2.
some initial states accidentally exhibit shorter recurrence
times. As such an example, we consider the initial state
given by a uniform superposition of yrast states,
|Ψ(0)〉 = 1√
N
N∑
K=1
e2piiKx/L|K〉, (66)
where |K〉 is the yrast state of the momentum 2piK/L.
An yrast state is an energy eigenstate with the lowest
energy for a given total momentum and correspond to
Lieb’s type-II excitations [18]. The Bethe quantum num-
bers for the yrast state |K〉 are given by
Ij =


j − N + 1
2
for 1 ≤ j ≤ N −K,
j − N − 1
2
for N −K + 1 ≤ j ≤ N.
(67)
Considering this initial state is particularly interesting
because it has been argued that the state (66) is consid-
ered to represent the quantum counterpart of the dark
soliton solution in the classical nonlinear Schro¨dinger
equation [22, 25, 29].
A. Weak-coupling case
In the weak-coupling regime, the state |K〉 corresponds
to the case where a = 1 or 2, n1 = N − K, n2 = K,
k(0)(1) = 0, and k(0)(2) = 2pi/L. In this case,
E(0)w (k
N ) =
(
2pi
L
)2
K, (68)
and
Vw(k
N) =
2c
L
K(N −K). (69)
When N is odd, K(N −K) is even for any integer K.
Therefore, the recurrece time is given by T ≃ piL/2c.
On the other hand, when N is even, K(N −K) is odd
for oddK and even for evenK, and hence one is tempted
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FIG. 1. The time evolution of the fidelity F(t). The red dashed lines show the recurrence times predicted by eq. (46).
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FIG. 2. The time evolution of the fidelity F(t) for L = 100 and β = 0.2. The red dashed lines show the recurrence times
predicted by eq. (58).
to consider that the recurrence time is T ≃ piL/c for even
N . However, it is not the case. The recurrence time
is also given by T ≃ piL/2c for even N . Actually, at
T = piL/2c,
Vw(k
N )T = θK + 2pim
′
K , (70)
where m′K is integer and θK = 0 for even K and θK = pi
for odd K. While, when T ≃ T (0)w /2 = (L2/4pi)×(odd
integer), E
(0)
w (kN )T is given by
E(0)w (k
N )T ≃ θK + 2pimK , (71)
where mK is integer. By adding eq. (70) and (71), we
obtain
E(0)w (k
N )T + Vw(k
N )T ≃ 2pim′′K , (72)
where m′′K is some integer. The recurrence time for the
initial state (66) is thus given by
T =
piL
2c
(73)
both for even N and for odd N . This recurrence time is
half of that in the general case (46), which is a special
case not satisfying eqs. (35) and (36).
B. Strong-coupling case
In the strong-coupling regime, the state |K〉 corre-
sponds to the case where I
(1)
tot = K and I
(2)
tot = K(N +
1−K) + const., and thus
Vs(k
N ) = −16pi
2
L3c
(
1− ρ
3c
)
(N + 1)K(N −K) + const.
(74)
Here, K(N −K) is always even for odd N , which halves
the recurrence time for odd N . The recurrence time
for the initial state (66) in the strong coupling regime
8is therefore
T ≃


L2c
16piρ
(
1− ρ3c
) for odd N,
L2c
8piρ
(
1− ρ3c
) for even N. (75)
Thus the recurrence time grows as the square of the sys-
tem size with ρ held fixed, which is consistent with the
numerical finding in Ref. [17]. This system-size depen-
dence is different from that for generic case given by
Eq. (58).
VII. CONCLUTION
We have evaluated the recurrence time in the one-
dimensional Bose gas with the delta function interac-
tions via perturbative analyses of the Bethe ansatz equa-
tion. We have shown that the recurrence time grows
only polynomially in N for any initial state in the weak-
and strong-coupling regimes as long as this initial state
satisfies certain conditions, i.e., eqs. (43) and (44) for
the weak-coupling regime, and eqs. (61) and (62) for the
strong-coupling regime. Since these conditions are not
fulfilled for sufficiently large N , short recurrence times
predicted in this work is particularly relevant for small
systems. Although our analysis is on a concrete inte-
grable model, i.e., the Lieb-Liniger model, it is a future
problem to understand whether this kind of short recur-
rence times in small quantum systems is universal or not.
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